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Abstract
We investigate the detection problem of quantum nonlocal correlation by two qubit detectors.
The detectors with an initial product state interact with a massless scalar field in the vacuum state,
and then the out-state of the detectors are correlated after the interaction. Under the perturbative
treatment in the second order of the coupling, the detectors’ state can be entangled but satisfies
the Bell-CHSH inequality. It is known that the violation of the Bell-CHSH inequality for such
an entangled state is obtained after a local filtering operation. In this paper, we construct the
optimal filtering operation for the qubit detectors and derive the success probability of the filtering
operation, which characterizes the reliability of revealing the Bell-CHSH nonlocality by the filtering
operations. By applying the optimal filtering, it is shown that the detected Bell-CHSH nonlocality
depends on the coherence of the detectors’ state and the spontaneous emission of scalar particles
from each detector. We also comment on a trade-off relation between the success probability and
the size of the parameter region showing quantum correlation.
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I. INTRODUCTION
In the quantum information theory, the entanglement is a crucial property which describes
a nonlocal correlation in the quantum mechanics. Due to the nonlocal feature of quantum
entanglement, we can perform various protocols, such as quantum teleportation, superdense
coding, quantum error correction, and so on [1]. The Bell-CHSH inequality characterizes a
nonlocal correlation of the entanglement [2]. Based on the mathematically rigorous argu-
ment, the Bell-CHSH inequality [3] is satisfied only for the local hidden variable theories and
a quantum state which violates this inequality cannot be yielded in hidden variable models.
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The two aspects of quantum correlations, quantum entanglement and the violation of Bell-
CHSH inequality (the Bell-CHSH nonlocality), are not equivalent and they are non-trivially
related to each other [4]. Also in the quantum field theory, the quantum correlations play
important roles. The vacuum state in the quantum field theory shows entanglement between
spatial regions, which induces the Unruh effect [5] and determines the structure of the wave
function of the vacuum (in particular, it is described by the tensor network [6]). Reeh and
Schlieder showed that an arbitrary state of quantum field can be approximated by acting
some local operators on the vacuum state [7], and such a property implies that the vacuum
state is entangled among separated spatial regions. Also, it was shown that the free vacuum
state violates the Bell-CHSH inequality by considering correlations between two spatial sep-
arated regions [8]. The vacuum of quantum field displays quantum entanglement and the
violation of the Bell-CHSH inequality, hence these correlations essentially characterize the
(many-body) property of the quantum field itself.
In connection with the vacuum entanglement of the quantum field, the detection of such
quantum correlations by local observers has been investigated. The local detection problem
tells us how the quantum resources of the vacuum is available, and provides the model of a
suitable experimental setting to detect the spacelike quantum correlation of the vacuum. The
local observer is usually modeled by a harmonic oscillator [9–11] or a qubit system [12–19].
Reznik et. al [12] considered two qubit detectors initially not correlated. These detectors
are coupled to a massless scalar field and do not interact directly with each other. Then
it was shown that the entanglement can be detected but the violation of the Bell-CHSH
inequality was found only after applying a local filter [20]. The local filtering operation is a
kind of measurement process acted on each qubit by local observers Alice and Bob, which
is constructed by post-selected (probabilistic) local operations and classical communication
(LOCC). When we choose the operation properly, the Bell-CHSH nonlocality of the de-
tectors’ state can be enhanced. This method is also applied to the cosmological situation
to reveal the quantum nonlocality in the early universe [21]. In the quantum information
theory, the optimal construction of the local filter which gives the maximal violation of the
Bell-CHSH inequality was provided by papers [22, 23]. However, the optimal construction is
not used in Ref. [12] and it is unclear whether its given filtering is optimal or not. Also, the
local filtering operation is a probabilistic process and hence we should consider its probability
to discuss the feasibility of the detection of the violation of the Bell-CHSH inequality.
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In this paper, we investigate the detection problem of quantum nonlocality by two qubit
detectors. The initial state of the detectors is usually assumed to be the uncorrelated ground
state, however we also treat the excited state of the detectors. By such a generalization of
the detectors’ state, we clarify what is playing a crucial role to detect the quantum en-
tanglement and the Bell-CHSH nonlocality. As an entanglement measure, we compute the
negativity of the qubit detectors, which completely characterizes the entanglement for two
qubits system [24]. Also we yield the optimal filtering operation for the two detectors by the
construction method given in Ref. [23] to reveal the violation of the Bell-CHSH inequality.
We show that the local filtering constructed by the systematic method corresponds to that
given previously in Ref. [12], and the explicit formula of the success probability of the filter-
ing operation is derived. For the reliable detection of the Bell-CHSH nonlocality between a
spacelike regions in the vacuum, we explore the better setting of the detectors with a high
success probability of the optimal local filtering. Through the analysis of the entanglement
and the Bell-CHSH nonlocality revealed by the optimal filter for three different initial states,
we show that the detected quantum correlation is determined by the two effects; one is the
coherence of the detectors’ state and another is the spontaneous emission given by the local
dynamics of each detector. In addition, it is shown that as the transition probability of the
spontaneous emission grows, the quantum correlation between the detectors decreases and
the success probability of the optimal filtering increases. Thus, there is a trade-off relation
between the size of the parameter region indicating the quantum correlation and the success
probability.
This paper organized as follows. In Sec. II, we introduce the system composed of two
qubit detectors and a massless scalar field. For the second order of the coupling, we solve the
dynamics under initial product states of the detectors and the vacuum state of the massless
scalar field. Then we obtain the reduced density matrix of the detectors represented by
a X state. In Sec. III, we calculate the negativity and the expectation value of the Bell
operator for a X state. In Sec. IV, we explicitly construct the optimal filtering for a X
state and derive the success probability of the filtering. In Sec V, we discuss the quantum
entanglement and the Bell-CHSH nonlocality of detectors system and show the quantum
correlation is determined by the coherence and the spontaneous emission of scalar particles.
Sec. VI is devoted to summary and conclusion.
4
II. PERTURBATIVE DYNAMICS OF TWO DETECTORS COUPLED TO
SCALAR FIELD
The vacuum state of a many body system or a quantum field has the nonlocal quantum
(long-range) correlation. To investigate the detectability of the quantum correlation by
local observers, we consider qubit detectors coupled to a massless scalar field. The free
Hamiltonians is Hfree = HA +HB +Hφ with
HA =
Ω
2
σzA, HB =
Ω
2
σzB, Hφ =
1
2
∫
d3x
(
pi2(x) + (∇φ(x))2), (1)
where σzA,B is the Pauli matrix, Ω is the energy gap of the qubits, Hφ is the free Hamiltonian
of the massless scalar field φ and pi := ∂tφ is the conjugate momentum of the scalar field.
The interaction Hamiltonian is
V (t) = g(t)
[
σxA φ(xA, t) + σ
x
B φ(xB, t)
]
, (2)
where xA and xB denote each spatial position of the two detectors, that is, the two detectors
are at rest at each position and locally interact with the scalar field. We assume that the
switching function g(t) is the Gaussian function
g(t) = g0 exp
[
−(t− t0)
2
2σ2
]
, (3)
where g0 is a coupling constant and σ is a time interval while the interaction turns on.
Roughly speaking, the detectors interact with the scalar field for |t − t0| ≤ σ. The choice
of the Gaussian switching is more appropriate to extract the quantum correlations than a
sudden switching function [16]. We assume that the initial state of the total system is a
product state
|Ψin〉 = |a, b〉|0φ〉, (4)
where a, b = ±1 denote eigenvalues of σzA,B and |0φ〉 is the vacuum state of the scalar field.
We also use the notation | ↑〉 = |+1〉, | ↓〉 = |−1〉 to represent the state of qubits. In the
interaction picture, the out-state under the second order of the coupling is given by
|Ψ˜out〉 =
[
I− i
∫ ∞
−∞
dt1V˜ (t1)− 1
2
∫ ∞
−∞
dt1
∫ ∞
−∞
dt2 T[V˜ (t1)V˜ (t2)]
]
|Ψ˜in〉
= |a, b〉|0φ〉 − i|−a, b〉ΦA−a|0φ〉 − i|a,−b〉ΦB−b|0φ〉
− 1
2
|a, b〉T[ΦAa ΦA−a]|0φ〉 −
1
2
|a, b〉T[ΦBb ΦB−b]|0φ〉 − |−a,−b〉T[ΦA−aΦB−b]|0φ〉, (5)
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where V˜ is the interaction Hamiltonian in the interaction picture, T denotes the time or-
dering, and the operators ΦAa and Φ
B
b acting on the state of the scalar field are defined
by
ΦAa =
∫ ∞
−∞
dt g(t) eiΩat φ(xA, t), Φ
B
b =
∫ ∞
−∞
dt g(t) eiΩbt φ(xB, t). (6)
Each term in the equation (5) can be interpreted using the diagrammatic representation
described in Fig. 1. For example, the second term in the equation (5) denotes that the
detector A interacts once with the scalar field, then the qubit A is flipped.
FIG. 1: The diagrammatic representation of each term appeared in the equation (5).
By tracing out the state of the scalar field, the reduced density matrix of the two detectors
after the interaction is derived as follows:
ρAB =

ρ11(a, b) 0 0 ρ14(a, b)
0 ρ22(a) ρ23(a, b) 0
0 ρ∗23(a, b) ρ33(b) 0
ρ∗14(a, b) 0 0 ρ44(a, b)
 , (7)
where ρij = 〈i|ρAB|j〉 (i, j = 1, 2, 3, 4) and {|1〉, |2〉, |3〉, |4〉} = {|a, b〉, |−a, b〉, |a,−b〉, |−
a,−b〉}. This density matrix with non-diagonal components ρ23(a, b) and ρ14(a, b) is called
the X state. That is, an X state has only the quantum coherence of the superposition
{|1〉, |4〉} or {|2〉, |3〉} and this property makes the analysis of the quantum correlations
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easier. Concretely, the non-diagonal components of the density matrix are
ρ23(a, b) = 〈0φ|ΦBb ΦA−a|0φ〉, ρ14(a, b) = −〈0φ|T[ΦA−aΦB−b]†|0φ〉, (8)
and the diagonal components are given as
ρ11(a, b) = 1− ρ22(a)− ρ33(b)− ρ44(a, b), (9)
ρ22(a) = ρ23(a, a)|r=0, (10)
ρ33(b) = ρ23(b, b)|r=0, (11)
ρ44(a, b) = ρ22(a)ρ33(b) + |ρ23(a, b)|2 + |ρ14(a, b)|2, (12)
where r = |xA−xB| and the formula of ρ44(a, b) is derived by the Wick theorem. Note that
the non-diagonal components ρ23(a, b) and ρ14(a, b) depends on the Wightman function for
the massless scalar field
〈0φ|φ(xA, t)φ(xB, t′)|0φ〉 = − 1
4pi2
1
(t− t′ − i)2 − r2 , (13)
where  is the UV cutoff parameter. The detectors with an initial product state can be
entangled by the local interaction with the scalar field in the equation (2). We can explicitly
compute ρ22(a), ρ33(b), ρ23(a, b) and ρ14(a, b) as
ρ22(a) =
g20
4pi
(
e−(Ωσ)
2
+ 2aΩσ Erfc[−aΩσ]), (14)
ρ33(b) =
g20
4pi
(
e−(Ωσ)
2
+ 2bΩσ Erfc[−bΩσ]), (15)
ρ23(a, b) =
g20σ
4piir
eiΩ(a−b)t0−(Ωσ)
2
(
exp
[(−Ωσ
2
(a+ b)− i r
2σ
)2]
Erfc
[
−Ωσ
2
(a+ b)− i r
2σ
]
− exp
[(−Ωσ
2
(a+ b) + i
r
2σ
)2]
Erfc
[
−Ωσ
2
(a+ b) + i
r
2σ
])
(16)
ρ14(a, b) =
g20σ
4piir
eiΩ(a+b)t0−(Ωσ)
2
(
exp
[(Ωσ
2
(a− b)− i r
2σ
)2]
Erfc
[Ωσ
2
(a− b)− i r
2σ
]
+ exp
[(
−Ωσ
2
(a− b)− i r
2σ
)2]
Erfc
[
−Ωσ
2
(a− b)− i r
2σ
])
, (17)
where Erfc[z] is the error function defined by
Erfc[z] =
∫ ∞
0
dt e−(t+z)
2
. (18)
The detailed derivation (16) and (17) is presented in the Appendix A. From the explicit
formulas of the density matrix, the quantum correlation of the scalar field detected via the
two detectors can be computed.
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III. NEGATIVITY AND BELL-CHSH INEQUALITY FOR X STATE
As the state of the detectors depends on the two-point function for the scalar field,
we expect that the initially product state of the detectors becomes correlated after the
interaction. To evaluate the quantum correlation between the two detectors, we consider
the negativity and the Bell-CHSH inequality. The negativity is defined by the eigenvalues
of a partial transposed density matrix ρTAAB as
N =
∑
λi<0
|λi|, (19)
where λi are the eigenvalues of the partial transposed density matrix ρ
TA
AB. If the negativity
does not vanish, then the state is entangled. Especially, the opposite of the statement is true
when the Hilbert space HA⊗HB is C2⊗C2 or C2⊗C3. Thus, the negativity has a nonzero
value if and only if the given state is entangled [26], and hence the negativity completely
characterizes whether the state of the detectors is entangled or not. For an X state, the
negativity is explicitly obtained as
N = max[N1, 0]+ max[N2, 0], (20)
N1 = 1
2
(√
(ρ11 − ρ44)2 + 4|ρ23|2 − (ρ11 + ρ44)
)
, (21)
N2 = 1
2
(√
(ρ22 − ρ33)2 + 4|ρ14|2 − (ρ22 + ρ33)
)
. (22)
The conditions N1 > 0 or N2 > 0 are rewritten in the simple form as
√
ρ11ρ44 < |ρ23| or √ρ22ρ33 < |ρ14|. (23)
For the detailed understanding of the quantum non-local correlation, it is important to
evaluate the Bell-CHSH inequality [3] given by the correlation function for the qubit A and
B. To compute the Bell-CHSH inequality, we introduce the Bell operator
BAB = 1
2
n · σA ⊗ (m+m′) · σB + 1
2
n′ · σA ⊗ (m−m′) · σB, (24)
where n,n′,m,m′ are unit vectors. We consider the maximum expectation value β of the
Bell-CHSH operator
β(ρAB) = max
n,n′,m,m′
Tr[BAB ρAB]. (25)
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For separable states, β(ρAB) satisfies the following Bell-CHSH inequality
β(ρAB) ≤ 1. (26)
The inequality (26) holds for the local hidden variable theory which includes any separable
states. For any physical states, β(ρAB) has the upper bound called the Tsirelson bound [27]
β(ρAB) ≤
√
2. (27)
For an X state, the maximum value β(ρAB) can be calculated explicitly as
β(ρAB) = max[β1, β2], (28)
β1 =
√
(ρ11 + ρ44 − ρ22 − ρ33)2 + 4(|ρ14|+ |ρ23|)2, (29)
β2 = 2
√
(|ρ14|+ |ρ23|)2 + (|ρ14| − |ρ23|)2, (30)
where we used the Horodecki theorem [25] which provides the method to obtain the explicit
form of β from the singular value of the matrix Rij = Tr[σiAσ
j
B ρAB]. Note that the Bell-
CHSH inequality is satisfied for the state of two detectors system given by (14)-(17) because
of its perturbative treatment: The order of the coupling g0 for the non-diagonal components
ρ23 and ρ14 is O(g
2
0), and then β1 and β2 for a small g0 are evaluated as
β1 = 1− 2(ρ22 + ρ33) +O(g40), β2 = O(g20), (31)
where ρ22 and ρ33 are O(g
2
0). Hence the maximum expectation value of the Bell operator β
is smaller than unity and the Bell-CHSH inequality is always satisfied. On the other hand,
it is possible for the detectors to have a nonzero negativity because the condition for the
entangled state (23) does not depend on the strength of coupling (the both sides of the
inequality (23) have the same order for the coupling). Figure 2 shows the contour plot of
the negativity in (Ωr,Ωσ) space for the detectors’ initial state | ↓A↓B〉. The dashed line
denotes the “null” curve r = σ and then we find that the negativity has a nonzero value for
a spacelike region r > σ.
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FIG. 2: The contour plot of the negativity in the parameter space (Ωr,Ωσ) with the initial detectors’
state | ↓A↓B〉. The dashed line represents the null curve r = σ.
As we have seen above, the state of the detectors is entangled and satisfies the Bell-CHSH
inequality. Interestingly, it is known that the violation of the Bell-CHSH inequality (the
Bell-CHSH nonlocality) for such a state can be revealed by a local filtering operation [20].
IV. LOCAL FILTERING OPERATION FOR X STATE
We introduce a local filtering operation for the two qubit detector system. The local
operation is defined by
ρAB → ρ′AB =
1
p
MANB ρAB M
†
AN
†
B, (32)
where MA, NB are local operators (2 × 2 matrices) for each subsystem and p =
Tr[M †AMAN
†
BNB ρAB] represents the success probability to attain the filtered state. Those
operators have inverse matrices and satisfy the conditions
M †AMA ≤ IA, N †BNB ≤ IB. (33)
The local filtering operation is regarded as the local measurement process of each qubit and
selects one outcome after this operation (regarded as the probabilistic LOCC). Although the
stochastic process with the probability p is a local process, but the Bell-CHSH nonlocality
of the bipartite system can be enhanced.
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A. Key theorems
There are two important theorems to reveal the Bell-CHSH nonlocality by the local
filtering operation [22, 23]:
Theorem 1 [22] By a local filtering operation, a two-qubit state ρAB can be uniquely
transformed into a Bell diagonal state.
Theorem 2 [23] If the optimized β(ρ′AB) over all local operations MA and NB is larger than
unity, then the filtered state ρ′AB is a Bell diagonal state. The statement is represented as
max
MA,NB
β(ρ′AB) > 1 =⇒ ρ′AB =
3∑
µ=0
λµ|BellµAB〉〈BellµAB|, (34)
where |BellµAB〉 := σµA(| ↑A↑B〉+ | ↓A↓B〉)/
√
2 and σµ = {I, σx, σy, σz}.
According to above theorems, we need the local operation transforming a given state
to a Bell diagonal form to reveal the Bell-CHSH nonlocality for the state because the Bell
diagonal form of the state is necessary for max β > 1. In general, it is complicated to
construct a local operation which transforms a given state to a Bell diagonal state, however
we easily get it for an X state. We note that a Bell diagonal state
∑3
µ=0 λµ|BellµAB〉〈BellµAB|
has the form of X state with its components given by
1
2

λ0 + λ3 0 0 λ0 − λ3
0 λ1 + λ2 λ1 − λ2 0
0 λ1 − λ2 λ1 + λ2 0
λ0 − λ3 0 0 λ0 + λ3
 ,
3∑
µ=0
λµ = 1, λµ ≥ 0. (35)
This state corresponds is the X state with
ρ11 = ρ44, ρ22 = ρ33, ρ14 = ρ
∗
14, ρ23 = ρ
∗
23. (36)
All we have to do is to transform a given X state to the X state satisfying these conditions by
an appropriate filtering operation. We apply the local z rotation exp[−iθ σzA/2− iφ σzB/2] to
a given X state. The diagonal components are invariant and the non-diagonal components
are transformed as
ρ14 → e−i(θ+φ)ρ14, ρ23 → e−i(θ−φ)ρ23. (37)
We can choose the parameters θ, φ so that ρ14, ρ23 are positive and satisfy ρ23 = ρ
∗
23, ρ14 = ρ
∗
14.
Without loss of generality, we assume that the diagonal components satisfy ρ11 ≥ ρ22 ≥ ρ33 ≥
11
ρ44. From the theorem 1, we can uniquely transform the two qubit system to a Bell diagonal
form by a local filtering operation. Hence it is sufficient to find one of the filtering operations
converting a given X state to a Bell diagonal state. For this purpose, we consider the local
operation defined by
MA =
ηA 0
0 1
 , NB =
ηB 0
0 1
 , (38)
where 0 < η2A ≤ 1 and 0 < η2B ≤ 1. This operation corresponds to the amplitude damping
channel with a post selection and was used in Ref. [12] to detect the Bell-CHSH nonlocality.
Under the local operations (38), the X state is transformed to
ρ′AB =
1
p

η2Aη
2
B ρ11 0 0 ηAηB |ρ14|
0 η2A ρ22 ηAηB |ρ23| 0
0 ηAηB |ρ23| η2B ρ33 0
ηAηB |ρ14| 0 0 ρ44
 , (39)
where p = η2Aη
2
B ρ11 + η
2
A ρ22 + η
2
B ρ33 + ρ44. If the parameters ηA and ηB satisfy η
2
Aη
2
B ρ11 =
ρ44, η
2
Aρ22 = η
2
B ρ33, that is,
η2A =
(ρ44ρ33
ρ11ρ22
)1/2
, η2B =
(ρ44ρ22
ρ11ρ33
)1/2
, (40)
then the X state becomes the Bell diagonal state with the spectrum {λµ} given by
λ0 =
√
ρ11ρ44 + |ρ14|
2(
√
ρ11ρ44 +
√
ρ22ρ33)
, λ1 =
√
ρ22ρ33 + |ρ23|
2(
√
ρ11ρ44 +
√
ρ22ρ33)
,
λ2 =
√
ρ22ρ33 − |ρ23|
2(
√
ρ11ρ44 +
√
ρ22ρ33)
, λ3 =
√
ρ11ρ44 − |ρ14|
2(
√
ρ11ρ44 +
√
ρ22ρ33)
. (41)
Eq. (40) provides the optimal values of the local filters for detection of the Bell-CHSH
nonlocality and the success probability p of the optimal filtering is
p = 2ρ44
[
1 +
(ρ22ρ33
ρ11ρ44
)1/2]
. (42)
This is probability characterizes the reliability of detecting the Bell-CHSH nonlocality by
the local filtering operation.
B. Quantum correlation of Bell diagonal state and coherence of X state
To get clear understanding of the nonlocality represented by the X state, we investigate
the detailed properties of the Bell diagonal state and its relationship to the X state. The
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entanglement of the Bell diagonal state is completely characterized by the negativity. The
conditions of non-zero negativity (23) for the Bell diagonal state are equivalent to
(λ0 − 1/2)(λ3 − 1/2) < 0 or (λ1 − 1/2)(λ2 − 1/2) < 0, (43)
where we used the equation (35). Hence, whenever the largest eigenvalue of λµ exceeds 1/2
(the spectrum {λµ} is biased towards any one of the four Bell states), then the Bell diagonal
state is entangled. Further, we focus on the Bell-CHSH nonlocality for the Bell diagonal
state. When the maximum value β is larger than 1 (that is, β1 > 1 or β2 > 1 in the equation
(28)), the eigenvalues satisfy
(λ0 − λ2)2 + (λ1 − λ3)2 > 1/2 or (λ0 − λ1)2 + (λ2 − λ3)2 > 1/2, (44)
where λ0 ≥ λ3 and λ1 ≥ λ2 are imposed by the equation (41). If we assume λ0 > 1/2 then
(λ1 − λ3)2 ≤ 1/4 and (λ2 − λ3)2 ≤ 1/4 because
∑
µ λµ = 1. Hence,
λ0 − λ2 > 1
2
or λ0 − λ1 > 1
2
. (45)
To summarize, the typical region of the spectra satisfying the entanglement condition (43)
and the Bell-CHSH nonlocality (necessary) conditions (45) are presented in Fig. 3. As is
shown, the Bell diagonal state has the Bell-CHSH nonlocal correlation when {λµ} concen-
trates in one of the Bell basis.
FIG. 3: The typical region of {λµ} revealing the quantum entanglement and the Bell-CHSH non-
locality.
Let us interpret the nonlocality of the Bell diagonal state in terms of the X state. In
the equation (41), the spectrum {λµ} depend on the components of the X state and their
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dominant terms are |ρ14| and |ρ23|. To make a biased distribution of {λµ}, only one of
|ρ14| and |ρ23| needs to be large. Each of the non-diagonal terms ρ14 and ρ23 represents
the coherence for the superposition {| ↑A↑B〉, | ↓A↓B〉} and {| ↑A↓B〉, | ↓A↑B〉}, respectively.
Therefore, the filtered X state (the corresponding Bell diagonal state) shows the quantum
correlation when either of the X state’s coherence {| ↑A↑B〉, | ↓A↓B〉} or {| ↑A↓B〉, | ↓A↑B〉} is
dominant.
V. DETECTION OF BELL-CHSH NONLOCALITY WITH LOCAL FILTER
In this section, we examine the quantum entanglement and the Bell-CHSH nonlocality
detected by the two qubit detectors with the initial conditions | ↓A↓B〉, | ↑A↑B〉 and | ↓A↑B
〉. For the detection of the Bell-CHSH nonlocality, we apply the local filter to the qubit
detectors’ state given in Sec. IV and evaluate the success probability of the optimal filtering.
Then we clarify what properties determine the detection of the quantum correlation of the
scalar field and the success probability of the filtering.
A. The initial condition | ↓A↓B〉
We consider the initial condition of the detectors (a, b) = (−1,−1) corresponding to the
state |↓A↓B〉. From the equation (14),(15),(16) and (17), we derive
ρ22(−1) = g
2
0
4pi
(
e−(Ωσ)
2 − 2Ωσ Erfc[Ωσ]), (46)
ρ23(−1,−1) = g
2
0σ
4piir
e−(r/2σ)
2
(
e−iΩr Erfc
[
Ωσ − i r
2σ
]
− eiΩr Erfc
[
Ωσ + i
r
2σ
])
, (47)
ρ14(−1,−1) = g
2
0σ
2piir
e−2iΩt0−(Ωσ)
2−(r/2σ)2 Erfc
[
−i r
2σ
]
, (48)
and ρ33(−1) = ρ22(−1). The left panel of Fig. 4 shows the contour plot of the negativity for
the filtered X state with the initial condition |↓A↓B〉. The coupling g0 is fixed to 10−2.
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FIG. 4: Left panel : The contour plot of the negativity with the initial condition |↓A↓B〉. The green
dashed line denotes β = 1, and the above this line β > 1. Right panel : the behavior β and the
success probability p of the optimal filtering as a function of Ωr with fixed Ωσ = 2.5, g0 = 10
−2.
The green dashed line denotes β = 1, and the region above this line represents β > 1 where
the Bell-CHSH inequality is violated. In addition, we observe existence of the region where
the Bell-CHSH nonlocality is not found even if the optimal filtering is acted on each detector.
In the right panel of Fig. 4, the value β for the optimal filtering and the success probability
p of the filtering are presented. According to the equation (42), the probability p is O(g40)
and given by
p ≈ 2(ρ22ρ33 + |ρ23|2 + |ρ14|2)
[
1 +
( ρ22ρ33
ρ22ρ33 + |ρ23|2 + |ρ14|2
)1/2]
. (49)
The value p is around 10−15 for Ωσ = 2.5 and Ωr = 3 in the right panel of Fig. 4 and also for
these parameter, β is larger than 1. Hence, the probability p is much smaller than g40, which
means that the success probability of the Bell-CHSH nonlocality detection is very small.
Also we analyze how the quantum correlation of the scalar field is detected through
the detectors. In Sec. IV, we give the simple form of the spectrum {λµ} obtained from
the components of the X state (41). Figure 5 shows the behavior of those spectra with
Ωσ = 2.5 and we observe that λ0 is dominant compared to the others. The condition
λ0 > 1/2 is equivalent to |ρ14| > √ρ22ρ33 in the equation (23). Thus the coherence |ρ14|
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FIG. 5: The behavior of the spectrum {λµ} of the Bell diagonal state with fixed Ωσ = 2.5 and
g0 = 10
−2. The initial condition of the detectors’ state is |↓A↓B〉. λ0 is larger than the other
eigenvalues, that is, the coherence |ρ14| is dominant.
of the superposition {| ↑A↑B〉, | ↓A↓B〉} is larger than √ρ22ρ33, which gives the maximum of
the coherence |ρ23|. To understand why the coherence |ρ14| dominates, we remind that the
detectors’ state depends on the two-point function of the scalar field. The superposition
{|↑A↑B〉, | ↓A↓B〉} is realized by the exchange of the real or virtual scalar field. Figure 6
represents the diagrammatic picture of the superposition {|↑A↑B〉, | ↓A↓B〉} in the second
order dynamics.
FIG. 6: The diagrammatic picture of the coherence generation by the exchange of the scalar field.
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B. The initial condition |↑A↑B〉
We consider the detection of the quantum correlation for the initial state | ↑A↑B〉. The
components ρ22, ρ33, ρ23 and ρ14 of the reduced density matrix are
ρ22(1) =
g20
4pi
(
e−(Ωσ)
2
+ 2Ωσ Erfc[−Ωσ]), (50)
ρ23(1, 1) =
g20σ
4piir
e−(r/2σ)
2
(
eiΩr Erfc
[
−Ωσ − i r
2σ
]
− e−iΩr Erfc
[
−Ωσ + i r
2σ
])
, (51)
ρ14(1, 1) =
g20σ
2piir
e2iΩt0−(Ωσ)
2−(r/2σ)2 Erfc
[
−i r
2σ
]
, (52)
and ρ33(1) = ρ22(1). These components are also given by replacing the frequency Ω with −Ω
in the reduced density matrix for (a, b) = (−1,−1). This is because the total Hamiltonian
is invariant under the unitary transformations σxAσ
x
B and Ω → −Ω. Further, we find that
|ρ14(1, 1)| = |ρ14(−1,−1)|, that is, those coherences with the two different initial conditions
are equivalent. We have considered that the qubit A and B interact with the scalar field
in the same manner and the total system evolves under the second order dynamics. Hence
|ρ14(−1,−1)| is equal to the transition probability of |↓A↓B〉|0φ〉 → |↑A↑B〉|0φ〉, which rep-
resents the exchange of the scalar particle between the two detectors. Because of the time
translation and time reversal invariance of the vacuum, this transition probability is the
same as the transition probability of | ↑A↑B〉|0φ〉 → | ↓A↓B〉|0φ〉. The detail calculation is
presented in the Appendix B.
The left panel of Fig. 7 presents the contour plot of the negativity with the initial state
| ↑A↑B〉. The region with the nonzero negativity is much smaller compared to the result
obtained with the initial state |↓A↓B〉, and there is no spacelike region showing the quantum
nonlocal correlation. In the right panel of Fig. 7, we gives the behavior of the spectrum of
the Bell diagonal state for the initial condition (a, b) = (1, 1) with fixed Ωσ = 0.5. Similar
to (a, b) = (−1,−1), we can confirm that the quantum correlation of the X state is carried
by the exchange of the scalar particle.
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FIG. 7: Left panel : The contour plot of the negativity with the initial condition |↑A↑B〉. The inset
is the enlarged version of the contour plot. The green dotted line represents β = 1. N 6= 0 region
does not extend to the “space-like” region r > σ. Right panel: The behavior of the spectrum {λµ}
of the Bell diagonal state with fixed Ωσ = 0.5 and g0 = 10
−2. The eigenvalue λ0 is dominant due
to the exchange of the scalar particle.
Although the equality of the coherence |ρ14(−1,−1)| = |ρ14(1, 1)| holds, the detected
region of entanglement is much different from that with the initial condition | ↓A↓B〉. To
understand this feature, we focus on the diagonal components ρ22 and ρ33. Evaluating the
difference ρ22(1)− ρ22(−1), we obtain
ρ22(1)− ρ22(−1) = g
2
0Ωσ
2pi
∫ Ωσ
−Ωσ
dt e−t
2 ≥ 0. (53)
For Ωσ  1 the difference is proportional to Ωσ, which corresponds to the Fermi’s golden
rule. This implies that the detector with the initially excited state emits the scalar particle
spontaneously. We note that the components ρ22 and ρ33 are the transition probability of
|a, b〉|0φ〉 → |−a, b〉|1φ〉 and |a, b〉|0φ〉 → |a,−b〉|1φ〉, respectively (|1φ〉 is a one-particle state
of the scalar field). As the spontaneous emission is determined by the local dynamics, the
detectors’ entanglement is not generated by such a emission. Indeed, from the equations
(41) we note that the eigenvalue λ0 is rewritten as
λ0 =
1
2
+
|ρ14| − √ρ22ρ33
2(
√
ρ11ρ44 +
√
ρ22ρ33)
, (54)
and hence the inequality |ρ14(−1,−1)| − ρ22(−1) ≥ |ρ14(1, 1)| − ρ22(1) implies the smallness
of the eigenvalue λ0. Therefore, it is difficult to reveal the spatial entanglement and the
spatial Bell-CHSH nonlocality with initial excited state |↑A↑B〉.
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C. The initial condition |↓A↑B〉
We consider the detectors’ initial condition |↓A↑B〉. The components ρ22, ρ33, ρ23 and ρ14
of the reduced density matrix are given as
ρ22(−1) = g
2
0
4pi
(
e−(Ωσ)
2 − 2Ωσ Erfc[Ωσ]), (55)
ρ33(1) =
g20
4pi
(
e−(Ωσ)
2
+ 2Ωσ Erfc[−Ωσ]), (56)
ρ23(−1, 1) = g
2
0σ
4piir
e−2iΩt0−(r/2σ)
2
(
Erfc
[
−i r
2σ
]
− Erfc
[
i
r
2σ
])
, (57)
ρ14(−1, 1) = g
2
0σ
4piir
e−(r/2σ)
2
(
Erfc
[
−Ωσ − i r
2σ
]
+ Erfc
[
Ωσ − i r
2σ
])
. (58)
The left panel of Fig. 8 shows the contour plot of the negativity with the green dotted line
β = 1. Further, we add the orange line which denotes N = 0 for the initial state |↓A↓B〉.
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FIG. 8: Left panel : The contour plot of the negativity with the initial condition | ↓A↑B〉. The
orange dashed line denotes the boundary of the nonzero negativity with the initial state | ↓A↓B〉.
In this case, the spacelike entanglement is detected, however the size of the spacelike region is
smaller compared to the case | ↓A↓B〉. Right upper panel : The behavior of the spectrum {λµ}.
The eigenvalue λ0 is the largest and the coherence |ρ14| is dominant in N > 0 region. Right lower
panel : The ratio |ρ14(−1, 1)|/|ρ14(−1,−1)| is presented. The coherence |ρ14(−1, 1)| is larger than
|ρ14(1, 1)|.
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We observe that the region with the nonzero negativity is smaller compared to the result
obtained with the initial state | ↓A↓B〉, however there is the spacelike region which shows
the quantum nonlocality unlike the results with | ↑A↑B〉. In the right upper panel of Fig.
8, the behavior of the eigenvalues of the Bell diagonal state is presented. As expected, the
nonlocality detection is possible by the exchange of the scalar particle.
Also we denote the ratio |ρ14(1,−1)|/|ρ14(−1,−1)| in the right lower panel of Fig. 8 and
observe the coherence |ρ14(1,−1)| is larger than |ρ14(−1,−1)|. This is because the detector
with the initial excited state generates more real or virtual particles compared to the detector
with the initial ground state |↓A↓B〉. We have clarified that the process of the spontaneous
emission from each detector reduces the negativity of the detectors’ state. The reduced
density matrix of the detector with the initial condition | ↓A↑B〉 has the component ρ33(1)
which is larger than ρ33(−1). Thus, the coherence ρ14(−1, 1) and the transition probability
ρ33(1) of the spontaneous emission non-trivially determine the eigenvalue λ0 for the initial
condition |↓A↑B〉.
The left panel of Fig. 9 presents the violation of the Bell-CHSH inequality and the success
probability of the optimal filtering. The qualitative behavior is similar to that with the initial
state |↓A↓B〉.
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FIG. 9: Left panel : The behavior of β and the detection probability p with fixed Ωσ = 2.5 and
g0 = 10
−2. Right panel : The ratio p(−1, 1)/p(−1,−1). The detection probability p(−1, 1) of the
Bell-CHSH nonlocality for the spacelike region is much larger than the probability p(−1,−1).
20
However, it shows the success probability of the Bell-CHSH nonlocality between two space-
like points is much larger for this setting. In the right panel of Fig. 9, the behavior of
the ratio p(−1, 1)/p(−1,−1) is presented with fixed Ωσ = 2.5. We find that the probability
p(−1, 1) is much larger than the probability p(−1,−1) for the initial condition |↓A↓B〉. Hence
the detectors’ initial condition | ↓A↑B〉 is more suitable to detect the spacelike Bell-CHSH
nonlocality compared to the initial condition |↓A↓B〉.
Finally let us comment on the trade-off relation between the dimensions of the parame-
ter space showing the Bell-CHSH nonlocality and the success probability p of the optimal
filtering operation. Roughly speaking, from the equations (49) and (54), the success prob-
ability is determined by the sum |ρ14|2 + ρ22ρ33 + |ρ23|2, and the eigenvalue λ0 is given by
the difference |ρ14| −√ρ22ρ33. Thus as the success probability p increases, the eigenvalue λ0
decreases because the transition probability ρ22 or ρ33 of the spontaneous emission grows.
In Fig. 8 and 9, the detected region of the Bell-CHSH nonlocality is small but the success
probability is large. Hence the trade-off relation between the size of detectable parameter
region of the Bell-CHSH nonlocality and the success probability is demonstrated for the
detection problem with the qubit detectors.
VI. SUMMARY AND CONCLUSION
We investigated the detection of the quantum correlation of a massless scalar field by two
qubit detectors. As an initial state, we considered a product state of the detectors and the
vacuum state of the scalar field. Under the second order perturbation of the total system
dynamics, the two detectors’ state can be entangled by the two-point function of the scalar
field. Also we focused on the violation of the Bell-CHSH inequality for the qubit detectors.
It is known that the Bell-CHSH nonlocality can be revealed only after the local filtering
operation, which is post-selected LOCC by each of two local observers. In general, although
it is complicated to construct the optimal filtering operation for revealing the Bell-CHSH
nonlocality, we can simply obtain the optimal filtering as the considering detectors’ out-state
is the X-state. The constructed filtering is given by a post selection after passing through
an amplitude damping channel, and the probability for the post selection corresponds to the
success probability of the optimal filtering. By examining the negativity and the violation of
the Bell-CHSH inequality under the optimal filter, we found that the detection of nonlocal
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correlation strongly depends on the initial state of the detectors. When the detectors are
initially in the ground state, the spacelike region in the parameter space showing the quantum
nolocality is larger compared to the region obtained with the initially excited states. This
is because the excited detectors spontaneously emit the scalar particles, and such a local
dynamics cannot generate the quantum correlation between the the detectors.
Further we focused on the success probability of the optimal filtering for the Bell-CHSH
nonlocality detection between spatial separated regions. When the transition probability ρ22
or ρ33 describing the spontaneous emission is large, the Bell-CHSH nonlocality is small but
the success probability is large. Due to this trade-off relation, the reliable detection of the
Bell-CHSH nonlocality becomes non-trivial and we found that the detection of the spacelike
Bell-CHSH nonlocality with a high success probability of the optimal filtering is performed
when the detectors’ state is initially |↓A↑B〉. This result gives the suitable model for the
reliable detection of the spacelike Bell-CHSH nonlocality through the two qubit detectors.
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Appendix A: components of reduced density matrix
The diagonal components ρ22 and ρ33 are obtained from ρ23. By inserting the complete
set in the equation (8), the non-diagonal component ρ23 are represented by
ρ23 = 〈0φ|ΦAa ΦB−b|0φ〉 =
∫
d3k 〈0φ|ΦAa |kφ〉〈kφ|ΦB−b|0φ〉, (A1)
where note that the inner product of ΦAa |0φ〉 and n-particle state for n ≥ 2 or n = 0 is zero.
We introduce the regularized mode function of the Minkowski vacuum
uk(x, t) =
e−iωk(t−i/2)+ik·x
(2pi)3/2
√
2ωk
, (A2)
where ωk = |k|. The inner product 〈0φ|ΦAa |kφ〉 are calculated as
〈0φ|ΦAa |kφ〉 =
∫ ∞
−∞
dt g(t) e−iΩat uk(xA, t) = g0
√
2piσ2 e−
σ2
2
(ωk−Ωa)2−iΩat0 uk(xA, t0). (A3)
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The component ρ23 is computed as
ρ23 =
∫
d3k 〈0φ|ΦAa |kφ〉〈kφ|ΦB−b|0φ〉
= 2pig20σ
2eiΩ(a−b)t0
∫
d3k e−
σ2
2
(ωk−Ωa)2−σ
2
2
(ωk−Ωb)2uk(xA, t0)u
∗
k (xB, t0)
=
g20σ
4ipir
eiΩ(a−b)t0
∫ ∞
0
du e−
1
2
(u−Ωσa)2− 1
2
(u−Ωσb)2(eiur/σ − e−iur/σ)e−u/σ
=
g20σ
4ipir
eiΩ(a−b)t0−(Ωσ)
2
(
exp
[(−Ωσ
2
(a+ b)− i r
2σ
+

2σ
)2]
Erfc
[
−Ωσ
2
(a+ b)− i r
2σ
+

2σ
]
− exp
[(−Ωσ
2
(a+ b) + i
r
2σ
+

2σ
)2]
Erfc
[
−Ωσ
2
(a+ b) + i
r
2σ
+

2σ
])
. (A4)
We get the equation (16) by taking the limit → 0. Next we derive the formula of ρ14. Using
the Wightman function D+(x−x′, t−t′) = 〈0φ|φ(x, t)φ(x′, t′)|0φ〉 given by the equation (13),
the non-diagonal component ρ∗14 is
ρ∗14 = −〈0φ|T[ΦA−aΦB−b]|0φ〉
= −
∫ ∞
−∞
dt2
∫ ∞
−∞
dt1 g(t2)g(t1) e
iΩ(−at2−bt1)(θ(t2 − t1)D+(r, t2 − t1) + θ(t1 − t2)D+(r, t1 − t2))
= −2√pig20σ2(Ωσ)e−iΩ(a+b)t0−(Ωσ)
2
×
∫ ∞
−∞
dy e−(Ωσ)
2(y+i(a−b)/2)2(θ(−y)D+(r,−2Ωσ2y) + θ(y)D+(r, 2Ωσ2y)), (A5)
where the integral variables t1 and t2 are changed as
Ωσ2x =
(t1 − t0) + (t2 − t0)
2
, Ωσ2y =
(t1 − t0)− (t2 − t0)
2
(A6)
and we carried out the x integration. By using the identity
e−y
2
=
1√
pi
∫ ∞
−∞
dη e−η
2+2iηy, (A7)
the above equation (A5) can be rewritten as
ρ∗14 = −2g20σ2(Ωσ)e−iΩ(a+b)t0−(Ωσ)
2
×
∫ ∞
−∞
dη e−η
2
(
e−(a−b)(Ωσ)η + e(a−b)(Ωσ)η
)∫ ∞
0
dy e2i(Ωσ)ηyD+(r, 2Ωσ2y)
=
g20
4pi2
e−iΩ(a+b)t0−(Ωσ)
2
∫ ∞
−∞
dη e−η
2
(
e−(a−b)(Ωσ)η + e(a−b)(Ωσ)η
)∫ ∞
0
dy
eiηy
(y − i/σ)2 − (r/σ)2 .
(A8)
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The y integration is equivalent to the complex integration given in Fig. 10. Hence,∫ ∞
0
dy
eiηy
(y − i/σ)2 − (r/σ)2 =
[ipiσ
r
eiη(r/σ+i/σ) − i
∫ ∞
0
e−ηy
(y − /σ)2 + (r/σ)2
]
θ(η)
+ i
∫ 0
−∞
e−ηy
(y − /σ)2 + (r/σ)2
]
θ(−η), (A9)
where the second and third terms are the integration along the imaginary axis. For → 0 the
sum of those terms is an odd function, and then it does not contribute to the η integration
(note that the function of η in front of the equation (A9) is an even function).
FIG. 10: The contour of the complex integration to compute the non-diagonal component ρ∗14.
Thus we get the following formula
ρ∗14 =
g20
4pi2
e−iΩ(a+b)t0−(Ωσ)
2
∫ ∞
0
dη e−η
2
(
e−(a−b)(Ωσ)η + e(a−b)(Ωσ)η
)ipiσ
r
eiηr/σ
=
ig20σ
4pir
e−iΩ(a+b)t0−(Ωσ)
2
(
exp
[(Ωσ
2
(a− b) + i r
2σ
)2]
Erfc
[
−Ωσ
2
(a− b)− i r
2σ
]
+ exp
[(
−Ωσ
2
(a− b) + i r
2σ
)2]
Erfc
[Ωσ
2
(a− b)− i r
2σ
])
. (A10)
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Appendix B: equality of |ρ14(−1,−1)| and |ρ14(1, 1)|
Let us show the equality of |ρ14(−1,−1)| and |ρ14(1, 1)|. Under the second order of the
coupling, the non-diagonal components ρ14(−1,−1) and ρ14(1, 1) is
ρ14(−1,−1) = 〈↓A↓B |ρout| ↑A↑B〉
≈ −〈↓A↓B |〈0φ|
∫ ∞
−∞
dt1
∫ t1
−∞
dt2 V˜ (t2)V˜ (t1)|0φ〉|↑A↑B〉
= −2〈0φ|
∫ ∞
−∞
dt1
∫ t1
−∞
dt2 g(t1)g(t2)e
−iΩ(t1+t2)φ(xB − xA, t2 − t1)φ(0)|0φ〉,
(B1)
ρ14(1, 1) = 〈↑A↑B |ρout| ↓A↓B〉
≈ −〈↑A↑B |〈0φ|
∫ ∞
−∞
dt1
∫ t1
−∞
dt2 V˜ (t2)V˜ (t1)|0φ〉| ↓A↓B〉
= −2〈0φ|
∫ ∞
−∞
dt1
∫ t1
−∞
dt2 e
iΩ(t1+t2)g(t1)g(t2)φ(xB − xA, t2 − t1)φ(0)|0φ〉, (B2)
where ρout = Trφ
[|Ψ˜out〉〈Ψ˜out|] and we used the translation invariant of the vacuum state.
Due to the time reversal invariance of the Minkowski vacuum, ρ14(−1,−1) is rewritten as
〈0φ|
∫ ∞
−∞
dt1
∫ t1
−∞
dt2 g(t1)g(t2)e
−iΩ(t1+t2)φ(xB − xA, t2 − t1)φ(0)|0φ〉
= 〈0φ|
∫ ∞
−∞
dt1
∫ t1
−∞
dt2 g(t1 + t0)g(t2 + t0)e
−iΩ(t1+t2)−2iΩt0φ(xB − xA, t2 − t1)φ(0)|0φ〉
= 〈0φ|
∫ ∞
−∞
dt1
∫ ∞
t1
dt2 g(−t1 + t0)g(−t2 + t0) eiΩ(t1+t2)−2iΩt0φ(xB − xA, t2 − t1)φ(0)|0φ〉.
(B3)
The switching function g(t) is a Gaussian function, and g(t+ t0) = g(−t+ t0) holds. Thus,
〈0φ|
∫ ∞
−∞
dt1
∫ ∞
t1
dt2 g(−t1 + t0)g(−t2 + t0) eiΩ(t1+t2)−2iΩt0φ(xB − xA, t2 − t1)φ(0)|0φ〉
= 〈0φ|
∫ ∞
−∞
dt1
∫ ∞
t1
dt2 g(t1 + t0)g(t2 + t0) e
iΩ(t1+t2)−2iΩt0φ(xB − xA, t2 − t1)φ(0)|0φ〉
= 〈0φ|
∫ ∞
−∞
dt1
∫ ∞
t1
dt2 g(t1)g(t2) e
iΩ(t1+t2)−4iΩt0φ(xB − xA, t2 − t1)φ(0)|0φ〉. (B4)
Therefore, we get the equation ρ14(−1,−1) = e−4iΩt0ρ14(1, 1), that is, |ρ14(−1,−1)| =
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|ρ14(1, 1)| by the time translation and time reversal invariance of the vacuum.
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